Theory tells us that output, the capital stock and the user cost of capital are cointegrated. From the capital accumulation identity, it also follows that the capital stock and investment have a long-run proportional relationship. This has been used to justify the estimation of investment equations embodying a long-run relation between investment and output, rather than between the capital stock and output. But the theory implies two cointegrating relationships exist, of which the investment-output relationship is a reduced form (and therefore itself cointegrating). The dynamic structure thus implies a multicointegrating framework, in which separate cointegrating relationships are identifiable. In this paper, a new investment equation is estimated in this framework, exploiting an internally constructed measure of the capital stock, and a long series for the weighted cost of capital. A CES production function is assumed, and a well-determined estimate of the elasticity of substitution is obtained by a variety of measures. The robust result is that the elasticity of substitution is significantly different from unity (the Cobb-Douglas case), at about 0.5. Over-identifying restrictions on the long-run relationship are all accepted. Although the key long-run parameter (the elasticity of substitution) is highly robust to alternative specifications, single-equation investment relationships may obscure the dynamics. There is evidence that the Johansen method is over-sized, but given this a test for excluding the capital accumulation identity from the investment equation is much better than using a single equation ECM.
Introduction
This paper re-examines the aggregate business investment relationship within a neoclassical framework. The reason for this is partly to exploit some new data, and partly to make a methodological point about the estimation of the investment decision in a cointegrating framework. In the process, we uncover a robust estimate of the user-cost elasticity, consistent with a sensible estimate of the elasticity of substitution.
The empirical background is that researchers have found it difficult to find a role for the user cost of capital. Thus in research into UK investment published over the last decade, 1 the roles of variously debt, profits, capacity utilisation and uncertainty have been used to augment Q 2 and other models of investment. Moreover, although ONS publish a series for the stock of capital, researchers have tended to mistrust the series.
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Since Bean (1981) , it has been common to exploit the steady state relationship between investment and the capital stock and model long-run investment, rather than capital. However, this approach conflates capital accumulation and investment dynamics into one equation.
In this paper, we take advantage of some new data and a new dynamic specification to return to the aggregate business investment equation. We use a real user cost of capital series, incorporating a weighted average cost of finance, that we push back to 1970. We also use estimates of the capital stock generated in-house at the Bank. We then pay particular attention to the endogenous dynamics of the system. The reason why this is an issue is because the capital stock, is determined by the capital accumulation identity (CAI). This identity is a difference equation explaining the growth of capital. It follows, as mentioned above, that there are steady state implications for the relationship between investment and capital. Thus there are two structural relationships that will hold in steady state. One is a relationship between the capital stock and its drivers (output and the user cost); this follows from the first order conditions of the profit maximising firm (FOC). The other is the steady state of the accumulation identity. In a non-stationary environment it may be helpful to estimate both of these relationships. As investment and the capital stock are linked via accumulation, we have an example of multicointegration. There are also interesting questions about the loadings (error correction coefficients) of the variables in the system, which have implications for the dynamics. And to anticipate the results, we find that we can successfully estimate a user cost Neoclassical model of investment where the key parameter, the elasticity of substitution, is both well determined and plausible.
In the next section we ask what the first order conditions and accumulation identity imply for the long-run. Then we spell out the implications for estimation within a vector error correction (VECM) framework, and estimate the model in Sections 4 and 5. Section 6 explores the finite sample properties of the methods with a Monte Carlo exercise, and Section 7 concludes.
Theory; first order conditions and identities
The key long-run relationship explaining investment in the Neoclassical model is the first order condition (FOC) for capital from a profit maximising firm.
Here lower case denotes natural logs, K is the capital stock, Y output and R denotes the real user cost of capital (RCC). 5 Assuming a CES production function, b is the elasticity of substitution between factors of production. Note that investment does not appear anywhere in the relationship: rather, the long-run relates capital (the cumulated depreciated stock of past investment flows) to output and RCC.
The CAI states that the stock of capital in any period is equal to the depreciated stock from the previous period plus (gross) investment. The CAI is shown in (2), where I denotes investment and d the depreciation rate.
Bean (1981) uses this to substitute for capital. In the steady state (2) can be written as: 4 We assume that technical progress is only labour augmenting and that there is only one type of capital good. 5 The data used in this note are described in the Data Appendix.
where g K denotes the growth rate of capital. By substituting logged (3) into equation
(1), we derive a long-run relationship (4) which links investment to output and the real user cost.
This procedure was used in Bakhshi and Thompson (2002) . The authors argue the long-run will not take account of past (accumulated) investment 'gaps', so they also included capacity utilisation as an integral control variable.
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It is not clear that this interpretation is the best dynamic representation of the data. It is helpful to think about (1) and (2) in a cointegrating framework. In what follows we assume that k, i, y and r are all i(1) variables, which is verified in practice. The FOC (1) defines a long-run relationship between {k, y, r}, and the CAI (2) also implies that {k, i} cointegrate. Taking logs of (3), in the steady state
This is an example of multicointegration, a notion introduced by Granger and Lee (1991) . Multicointegration is likely to occur wherever there are stock-flow relationships: for example, between consumption, income and wealth (as wealth is cumulated savings); or between product sales, output and inventories. In some cases, such as the latter, it can be helpful to use techniques for analysing I(2) series (see Engsted and Haldrup (1999) ). However, in our case as k is I(1), (3) implies that i is also I(1) (or vice versa). This follows from non-zero depreciation. 8 Moreover, not only are {k, i} cointegrated, but we may also have a prior about the form of the error correction model (ECM). Lagged (2) may be re-written as:
and this can be approximated as 6 As g K and d are stationary, in estimation they can be excluded from the long-run cointegrating vector. 7 Bean (1981) argues that omitting such a variable may not lead to significant biases. Note that output itself is linked to capital via the production function and therefore incorporates a degree of integral control. 8 As can be seen from the CAI (2), if d were zero then if I were i(1) then K would be i(2). ) (
where j i are coefficients. In practice, this is a very close approximation. Thus the CAI implies {k, i} cointegrate with associated vector {-1,1}, and (7) is, of course, an ECM representation.
Thus there are two long-run relationships in the data. (4) is now immediately interpretable as the reduced form of (1) and (5). It will therefore also be a cointegrating relationship. Whether this reduced form necessarily enters a single ECM as a unique relationship depends on the variables included in the cointegrating set; we return to this shortly.
Modelling investment in a VECM framework
From Section 1, we have four endogenous variables, {i, k, y, r} and two co-integrating vectors (CVs) from equations (1) and (5). To re-state, these are:
where a and p are constants. In VECM notation our two-CV model can be written as:
where L is the lag operator, X is a matrix of I (1) variables, some of which may be weakly exogenous to the long-run relationship, and D is a set of I(0) variables both weakly exogenous to and insignificant in the long-run cointegration space. D may contain deterministic terms such as the constant and trend, and intervention dummies. For a four-variable, two-vector VECM the long-run can be decomposed as the reduced rank form 
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In this notation the b ij define the long-run relationships (the co-integrating vectors), and the a ij the response of each variable to the two CVs (the 'loadings'). Although two vectors exist, it does not necessarily follow that all variables respond to all vectors. If a loading is zero, we have weak exogeneity: variable i is weakly exogenous to the parameters in vector j if a ij = 0. Note that this does not imply that the variable is exogenous in the economic sense.
As an example of this, we showed above that the CAI may be approximated by (7), which is an ECM. It may well be that the firm's choice variable (i) does not respond to disequilibrium in this vector. 9 However, as the VECM is a transformation of the standard VAR in which contemporaneous terms have been substituted out, we are unlikely to have strong priors about the system dynamics; exogeneity is mainly an empirical question. From an econometric point of view, unless k, y and r are all weakly exogenous to the long-run relationships, efficient estimation requires the VECM to be estimated. But note that if this condition did hold, single equation estimation of the long-run parameters in an investment ECM would be unbiased. Moreover, there are sufficient restrictions to identify all the parameters. We would have
VECM results
In this section we estimate the structure outlined above using the Johansen method. This is maximum likelihood, and assumes Gaussian errors, so it is important to ensure that the residuals in the underlying VAR are normal and white noise. In order to determine the lag structure, we began by estimating an unrestricted VAR. (1) and (5a) allow us to over-identify both vectors, and these (over-identifying) restrictions are accepted by the data when we impose them (Table 2 ).
Only one parameter of interest is freely estimated in the co-integrating vectors, the elasticity of substitution, which is found to be 0. Given we have identified cointegrating vectors, we can now examine weak exogeneity (WE) of the endogenous variables with respect to the two vectors. From Table 2 the obvious candidates are the Di with respect to the first vector (CAI) and the Dk equation with respect to the second (FOC); the t statistics in both cases are as close to zero as we are likely to observe: 0.06 and 0.01 respectively. Moreover, as we spell out shortly, these zero restrictions are precisely what we would expect. The Dy loading with respect to CAI is also very insignificant. The resulting estimates when we impose these restrictions (as well as the CV restrictions) are shown in Table 3 . The full set of restrictions is comfortably accepted, and all remaining loadings are now significant. The loading coefficient on capital to the first vector (CAI) is small numerically. But the estimate of 0.007 is plausible. To see why this is the case, recall from Section 2 that the CAI can be re-written as
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or approximately
Our ECM approximation is ) (
What value of 1 j is required to ensure that that . Over the sample period the mean ratio of investment to capital is 0.0178. With no lagged dependent variables in a regression of (7) this is the coefficient we should expect.
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Where they are present, we need to calculate the long-run coefficient, which in our case is 0.0164, close to the sample average. So this seemingly small loading coefficient is about what we would expect, given the data.
Adjustment takes place via the user cost as well as through quantities. Recall that if the CAI ECM term is positive then the capital stock is below the long-run value: equivalently, investment is above the long-run value. If demand for investment goods is above equilibrium, we might expect the price of investment goods to be rising. Similarly, to use a Keynesian phrase, the excess demand for loanable funds implied by high investment would put upward pressure on the interest rate. Both these factors mean the loading on the CAI vector in the ECM for r should be positive, which it is.
The output loading is positive, which has no obvious interpretation. But it is hard to judge details of the dynamic process from the single equation loadings, as all the dynamics in the system are important. 18 Thus Chart 1 reports the impulse responses of the endogenous variables to a one standard deviation shock to the real user cost (r). 19 The vertical scale is log difference (ie approximately % difference/100), and the horizontal scale is time periods in quarters. The response of capital is fairly slow, with the maximum (overshooting) effect occurring after six years with the further unwind persisting beyond this. This drawn-out response is mirrored in the investment and output responses. Part of this is likely to be linked to the fact that the real user cost does not return to equilibrium until at least 30 quarters after the initial shock. 
SUR VECM results.
We have established the existence of two cointegrating vectors and tested the overidentifying restrictions implied by theory. Nevertheless, with eight lags the dynamics of the system are grossly overparameterised. Thus we looked for a parsimonious restriction of the system, estimated by Seemingly Unrelated Regression (SUR). Full results are shown in Annex 2. When we tested down without imposing the weak exogeneity restrictions, the dynamic capital equation responds to both cointegrating vectors. However, investment is still weakly exogenous to the capital accumulation identity.
Results for restricted cointegrating variable sets: irreducible cointegration
Our model predicts that two cointegrating vectors exist among the four variables, and we have successfully identified them using the overidentifying restrictions from theory. It should be clear, however, that if we restrict attention to limited sets of variables then it should be possible to estimate unique vectors, albeit with a possible loss of efficiency. This idea was formalised and explored by Davidson (1994 Davidson ( , 1998 as the notion of 'irreducible cointegration'. An irreducible cointegrating relation is one from which no variable can be omitted without loss of the cointegration property. Such relations may be structural or reduced form. The advantage of the procedure he suggests is that, under certain circumstances, when the model is overidentified, it enables the researcher to obtain information about the underlying structure directly from the data. However, as in our case, this will not always be true: theory is still required. If our approach is correct, we should find evidence for unique structural and irreducible cointegrating vectors in each of the sets {k, y, r} and {i, k}, from (1) and (5). Tables 4 and 5 reveal support for this. 20 Moreover, the restrictions on the two vectors are accepted (p values of 0.31 and 0.99 for FOC and CAI respectively). The pattern, significance and rough magnitudes of the loadings are consistent with those from the full system. The reduced form (4) also implies that {i, y, r} should constitute an irreducible cointegrating set. Table 6 gives the test results. Strictly, they fail to reject the null of no cointegration, but the failure is very marginal. So this last result suggests that the Bean reduced form specification will work. Nevertheless, the fact that we are estimating a reduced form specification means that the adjustment dynamics conflate the capital adjustment and accumulation. 
Impulse responses
The results we have obtained thus far imply that investment equilibrates the capital stock equilibrium condition. This automatically embodies an integral control mechanism through the capital accumulation identity. The cointegrating relationship implied by the capital accumulation identity does not equilibrate through the investment equation. However, no variables are weakly exogenous with respect to either of the cointegrating relationships so efficient estimation requires full system estimation. But given the theory and results in Table 6 if the cointegrated set excludes capital a single equation might be estimated. 21 Table 7 reports the restricted equation.
The loading is very similar to that obtained in the estimation underlying Table 6 (-0.11 with t ratio -2.44). Table 8 reports the comparable results of using the long-run VECM results, re-estimated parsimoniously by OLS. In order to calculate the different responses of investment and capital under these approaches, we constructed two models, each of which comprised the dynamic investment equation and the capital accumulation identity. In specifying these models, we treated y and r as exogenous, as we are concerned here purely with the investment and capital stock dynamics. Thus the responses differ from those in Chart 1. Our impulse was a permanent +1% shock to the level of the real user cost (R).
The estimated response of capital under the two methods is shown below in Chart 2, with forecast-relevant periods singled out in Table 9 . In each case the long-run adjustment of capital reflects the estimated elasticity of substitution in each model, as it must, which are similar in each model. Due to the small size of investment relative to the capital stock (investment represents just under 2% of the capital stock), in both cases it takes a considerable length of time to reach the long-run. 
VECM

Reduced form
Chart 3 shows impulse responses for investment. These converge to the long-run rather more quickly than the capital stock, but near-complete convergence is still protracted. Investment over-shoots in both models. In principle there is no special reason why the two should give different answers, but as a matter of algebra, the reduced form is quicker partly because the long-run is defined directly in terms of investment.
Monte Carlo simulations
We are advocating system estimation. But this may come at the expense of low power or incorrectly sized test statistics. To investigate this, we carried out a Monte Carlo exercise, maintaining the restricted structure in the VECM. 22 As a priori nothing rules out the possibility that both cointegrating vectors enter the investment ECM, we conducted three experiments. The first (Method 1) is to estimate by OLS a single equation embodying both CVs (equation (10)); the second (Method 2), the single reduced-form CV, again in an OLS regression; the third (Method 3), the correctly specified VECM, estimated by the Johansen method.
The parameters are from the parsimonious SUR system (Table A5) , although we replace the capital ECM with the capital accumulation identity, where depreciation is stochastic, calibrating the normal additive error on d to match the variance of capital stock growth. The other shocks were calibrated at the estimated variances. Results are based on 10,000 repetitions. 22 In general we need to ensure that the model is estimated consistently under both the null and the alternative, and in non-stationary environments this may not always be true. But here we maintain the reduced rank hypothesis throughout, so this is not an issue.
In Table 10 the first column reports the proportions with which the true hypothesis that the FOC is significant in a dynamic OLS regression; the power of the test. For a notional size of 5%, it is 80.1%. But the striking result is that the regression fails to reject the true hypothesis that the CAI should be excluded in the majority of cases. That is, the actual size of the test is much greater than the notional, and inference would be profoundly misleading. By contrast, the reduced form approach is highly robust, with a power of 93.1% at a notional size of 5%. The VECM is also oversized on the set of long-run overidentifying restrictions (OIR), just over 50% at the notional 5% significance level. But conditional on these restrictions being accepted, the size of the test on the (true) hypothesis that the CAI should be excluded from the investment ECM is very small at just 0.1%. Thus single equation techniques will lead one to falsely include the CAI in the estimated investment equation in the majority of cases, but this is much less likely to happen in a system context. Indeed, it will almost never occur. However, the true overidentifying restrictions will be falsely rejected roughly half the time (at a notional size of 5%). The other question of interest is the estimate of the elasticity of substitution, s. The table gives the mean and median estimates. The distributions are highly skewed, and the VECM mean is substantially biased upwards, but the median estimate is very close to the true value (0.49). The 95% confidence interval is also reported, and it is clear that the VECM will estimate the parameter with far more precision than the other methods.
Finally, we bootstrapped the residuals to avoid making possibly incorrect distributional assumptions. We drew 6 period blocks to capture lumpiness in the depreciation series. The main difference to the Monte Carlo results is that the simulations now reveal a much reduced skew. 
Conclusions
Economic theory tells us that output, the capital stock and the user cost of capital are cointegrated. But from the capital accumulation identity, it also follows that the capital stock and investment share a long-run relationship. This has been used to justify the estimation of long-run investment, rather than capital stock, equations. Econometrically, the dynamic structure suggests a multicointegrating framework should exist, in which separate cointegrating relationships are identifiable. This turns out to be the case for UK business sector investment. A new investment equation is estimated, exploiting an internally constructed measure of the capital stock, and a long series for the weighted cost of capital. A CES production function is assumed, and a well-determined estimate of the elasticity of substitution is obtained by a variety of measures. The robust result is that the elasticity of substitution is significantly different from unity (the Cobb-Douglas case), at about 0.5. Over-identifying restrictions on the long-run relationship are all accepted. Although the key long-run parameter (the elasticity of substitution) is highly robust to alternative specifications, single-equation investment relationships may obscure the dynamics. Thus we finally conclude that if we are interested only in knowing the elasticity of substitution, estimation using an OLS long-run investment relationship will return an unbiased 
Data Appendix
Business investment (I) and GDP (Y) are readily available from the Office for National Statistics (ONS) National Accounts data, with quarterly backruns to 1965 and 1955 respectively. The ONS capital stock and (implied) depreciation series exhibit worrying properties, however. Some of the issues are described in Oulton (2001) . As such we also use a capital stock (and depreciation) series that has been constructed in-house following Oulton and Srinivasan (2002) .
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The other key variable is the real user cost of capital (RCC). The full Hall-Jorgensen RCC is defined as: The price variables are available from National Accounts data, as is the effective corporation tax rate. PVIC is based on Bank calculations, following Mayes and Young (1993) . The expected relative price inflation term is an unobserved variable, assumed to be zero. In unpublished work excluding this term improved the fit of singly-estimated investment equations. But we also experimented using a variety of assumptions including ARMA forecasts, filtered ex-post expectations and backwardlooking averages.
A more problematic issue is construction of a 'real cost of finance' variable. From 1982 Q1, a weighted average cost of capital (WACC) can be calculated, following Brealey and Myers (2000) . But wanting to conduct estimation prior to 1982, previous work 24 has used an alternative cost of finance described in Flemming et al (1976) . Essentially this measure is the ratio of current earnings to the financial valuation of companies. While in principle measuring a similar concept, over the same sample the Flemming measure is more volatile than WACC (see Chart A1) and the correlation is not strong (0.48 over the whole sample). 1967 1972 1977 1982 1987 1992 1997 % quarterly rate
WACC Flemming et al
As an alternative we decided to construct a back series for WACC to 1970. WACC is calculated as the weighted average of the cost of debt finance (R D ) and the cost of equity finance (R E ):
The weight (l) is taken from company balance sheet data on the relative use of debt and equity finance: a weight of 15% is placed on debt, and 85% on equity. The real cost of debt finance is calculated as the risk-free real interest rate plus a measure of spreads, while the real cost of equity finance is calculated using a simple dividend discount model. Using these calculations, the cost of equity finance is readily available back to 1965, but the cost of debt finance only from 1982 (Chart A2). Thus to construct a WACC we need to backcast the cost of debt finance. We constructed three different models to backcast the cost of debt finance using macro variables e.g. GDP, base rates, and inflation. Two of the three models included leads of the dependent variable (DV). The first model estimated the real risk-free rate and the spreads measure separately, including leading DVs (a "bottom-up" approach); the second estimated the cost of debt finance directly including leading DVs (a "topdown" approach); and the third was a "simple" equation for R D with no DVs included. The three different models produced very different backcasts for the cost of debt finance, shown in Chart A3. However, given the small weight of debt finance, the resulting backcast WACC series were almost indistinguishable (Chart A4). Given this, we picked the simple approach, due to concerns about the stability of the models including leading DVs. 
Simple
Having constructed our cost of finance term, we now have our four endogenous variables. 25 Logged series are shown below in Charts A5 to A8. Unit root tests for all four variables are shown in tables A1 and A2. 26 The tests indicate that all variables are i(1) at standard significance levels. 4 1970 1975 1980 1985 1990 1995 2000 , estimated using a 'general to specific' approach with four lags of all variables. It differs in dynamic detail from Once again the estimated elasticity of substitution is close to 0.5. And yet again DOLS estimation (see below) suggested a slightly smaller coefficient, but not radically different. 
Annex 2: estimated system
The system below is the full version of the summary shown in Table 3 . The residuals from the system are shown below. . 0015 1970 1975 1980 1985 1990 1995 2000 
K Residuals
The system at the moment is very over-parameterised. As mentioned in the main text, we therefore tested down to a parsimonious form using SUR. Results for this, without imposing the weak exogeneity (WE) restrictions accepted under Johansen estimation, are shown below in Table A4 . One of the three WE restrictions from the Johansen estimation is rejected under SUR, namely that the D(k) equation is weakly exogenous to the FOC. For completeness we also tested down having already imposed the WE restrictions from the Johansen estimation. The results are shown in Table A5 . 
